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We determine the Lie point symmetries of the Schro¨dinger and the Klein Gordon equa-
tions in a general Riemannian space. It is shown that these symmetries are related with
the homothetic and the conformal algebra of the metric of the space respectively. We
consider the kinematic metric defined by the classical Lagrangian and show how the Lie
point symmetries of the Schro¨dinger equation and the Klein Gordon equation are related
with the Noether point symmetries of this Lagrangian. The general results are applied to
two practical problems a. The classification of all two and three dimensional potentials
in a Euclidian space for which the Schro¨dinger equation and the Klein Gordon equation
admit Lie point symmetries and b. The application of Lie point symmetries of the Klein
Gordon equation in the exterior Schwarzschild spacetime and the determination of the
metric by means of conformally related Lagrangians.
Keywords: Lie symmetries; Noether symmetries; Schro¨dinger equation; Klein Gordon
equation
1. Introduction
A systematic method to facilitate the solution of differential equations (DE) is the
use of Lie symmetries, because the latter provide the first order invariants which can
be used to reduce the DE. The Schro¨dinger equation and the Klein Gordon equation
are two important equations of Quantum Physics. Therefore it is important that we
determine their Lie point symmetries and use them either in order to find invariant
solutions using Lie symmetry methods [1,2] or to obtain first integrals which will
ease the search for analytic solutions.
Nowadays the determination of Lie symmetries of DEs can be done mechani-
cally by symbolic computer programs, for instance CRACK, MATHLIE, DIMSYM,
SADE and others (see [3,4,5,6] and references therein). However this option is pro-
hibited when one works in Riemannian spaces and in higher dimensions. Therefore
it is important that one finds geometric arguments which provide the Lie symme-
1
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tries of DEs in general Riemannian spaces irrespectively of the (finite) dimension
f the space. Indeed one finds in the recent literature ([7,8,9,10,11,12,13]) which
provide the Lie symmetry vectors directly from the collineations of the metric.
The Lie symmetries of the heat equation and the Poisson equation in a general
Riemannian space have been determined in previous works [12,13]. We use these
results to find the Lie symmetries of Schro¨dinger and the Klein Gordon equation
in a general Riemannian space.
An important element of the present study is the concept of conformally related
Lagrangians, that is Lagrangians which under a conformal transformation of the
metric and the potential lead to the same equations but for different dynamic
variables. The condition for this is that the Hamiltonian vanishes. Because the
dynamic variables of these Lagrangians are not the standard ones in general the
Hamiltonian is not relevant to the energy of the system.
From each Lagrangian describing a dynamical system we define a metric, called
the kinematic metric, characteristic to the dynamical system described by this La-
grangian. As it will be shown the conformal symmetries of this metric are in close
relation with the Noether point symmetries of the equations of motion. Furthermore
the kinetic metric of the Lagrangian defines the Laplace operator, hence the corre-
sponding Klein Gordon equation whose Lie symmetries are consequently expressed
in terms of the conformal symmetries of the kinematic metric.
The structure of the paper is as follows. In section 2 we give a brief account
of the basic properties of Lie point symmetries of differential equations and the
conformal algebra of a Riemannian space. In section 3 we consider the classical
Lagrangian
L
(
xk, x˙k
)
= T
(
xk, x˙k
)− V (xk) , x˙k = dxk
dt
of a particle moving in a Riemannian space under the action of the potential V
(
xk
)
,
where T
(
xk, x˙k
)
is the Kinetic energy defined as follows T = 12gij
(
xk
)
x˙ix˙j and gij
is the metric of the Riemannian space. We recall some basic results concerning the
relation of Noether point symmetries of the Lagrangian with the homothetic algebra
of the metric gij . Then we show that the Noether symmetries of two conformally
related Lagrangians are generated from the common conformal algebra.
In section 4 we study the Lie point symmetries of the Schro¨dinger and the
Klein Gordon equations in a general Riemannian space and show that the Lie
symmetries are generated from the conformal algebra of the metric which defines
the Laplace operator. Using the geometric character of Noether symmetries for the
classical Lagrangian and that of the Lie point symmetries of the Schro¨dinger and
of the Klein Gordon equation we establish the connection between the two. More
specifically it is shown that if an element of the homothetic algebra of the kinetic
metric generates a Noether point symmetry for the classical Lagrangian then it also
generates a Lie point symmetry for the Schro¨dinger equation.
In section 5 we consider the case of Noether point symmetries of the classical
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Lagrangian which are generated from a gradient Killing vector (KV) or a gradient
homothetic vector (HV) and show that the Lie symmetry in both cases is a non-local
symmetry of the Klein Gordon equation.
In sections 6 and 7, we demonstrate the use of the previous general results to
various interesting practical situations. In particular in section 6 we find all two
and three dimensional potentials in a Euclidian space for which the Schro¨dinger
and the Klein Gordon equations admit non trivial Lie point symmetries. In section
7 we apply the results of section 4 in order to derive invariant solutions of the
Wheeler–DeWitt equation and solve the field equations by means of conformally
related Lagrangians in a static spherical symmetric spacetime. Finally in section 8
we close with the conclusion.
2. Symmetries of DEs and collineations of Riemannian spaces
For the convenience of the reader and the completeness of the paper we state briefly
some basic results concerning the Lie point symmetries of differential equations and
the conformal algebra of a Riemannian space.
2.1. Lie symmetries of DEs
A partial differential equation (PDE) is a function H = H
(
xi, u, u,i, u,ij , ..
)
in the
jet space B¯M¯ , where x
i are the independent variables and uA are the dependent
variables. The infinitesimal transformation
x¯i = xi + εξi
(
xk, u
)
(1)
u¯ = u¯+ εη
(
xk, u
)
(2)
where ε is an infinitesimal parameter, is a Lie point symmetry of H with generator
X = ξi
(
xk, uB
)
∂t + η
A
(
xk, uB
)
∂B (3)
if there exist a function λ such that the following condition holds [1,2]
X [n]H
(
xi, u, u,i, u,ij , ..
)
= λH
(
xi, u, u,i, u,ij , ..
)
,modH = 0. (4)
X [n] is the nth prolongation of (3) defined as follows
X [n] = X + η[i]∂ui + ...+ η[ij...in]∂uij...in
where
η[i] = Diη − u,jDiξj
η[ij..in] = Dinη[ij..in−1] − uij..kDinξk.
The Lie point symmetry vector field X = ξ
(
t, xk
)
∂t + η
i
(
t, xk
)
∂xi of the field
equations resulting from the Lagrangian function L = L
(
t, xk, x˙k
)
, is a Noether
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point symmetry of these equations if there exist a function f = f
(
t, xk
)
so that
the following condition holds [1]
X[1]L+
dξ
dt
L =
df
dt
. (5)
X[1] is the first prolongation of X. The corresponding Noether integral is
I = ξ
(
∂L
∂x˙k
x˙k − L
)
− ηi ∂L
∂xi
+ f. (6)
2.2. Collineations of Riemannian spaces
In the following Lξ denotes Lie derivative with respect to the vector field ξ
i. A
vector field ξi is a CKV of a metric gij if
Lξgij = 2ψgij
where Lξ denotes Lie derivative with respect to the vector field ξ
i. If ψ = 0 then
ξi is a Killing vector (KV), if ψ,i = 0 then ξ
i is a homothetic vector (HV) and if
ψ;ij = 0, ξ
i is a special conformal Killing vector (sp.CKV). If a CKV is a not a
KV/HV or sp.CKV is called a proper CKV [14].
Two metrics gij , g¯ij are conformally related if g¯ij = N
2gij where the function
N2 is the conformal factor. If ξi is a CKV of the metric g¯ij so that Lξg¯ij = 2ψ¯g¯ij
then ξi it is also a CKV of the metric gij , that is, Lξgij = 2ψgij where the conformal
factor
ψ = ψ¯N2 −NN,iξi.
The last relation implies that two conformally related metrics have the same confor-
mal algebra but with Killing/homothetic/special conformal subalgebras spanned by
different vector fields. For example a KV for one may be proper CKV for the other.
This is an important observation which shall be useful in the following sections.
3. Conformal Lagrangians and Noether symmetries
In this section we examine the construction of Noether point symmetries of the
classical Lagrangian and the transition of these symmetries to conformally related
Lagrangians.
Consider the Lagrangian of a particle moving under the action of a potential
V (xk) in a Riemannian space with metric gij
L =
1
2
gij x˙
ix˙j − V (xk) (7)
where x˙ = dx
dt
. The equations of motion follow from the action
S =
∫
dt
(
L
(
xk, x˙k
))
=
∫
dt
(
1
2
gij x˙
ix˙j − V (xk)) . (8)
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Consider the change of variable t→ τ defined by the requirement
dτ = N2
(
xi
)
dt. (9)
In the new coordinates (τ, xi), the action becomes
S =
∫
dτ
N2 (xk)
(
1
2
gijN
4
(
xk
)
x′ix′j − V (xk)) (10)
where x′i = dx
dτ
and the Lagrangian is transformed to the new Lagrangian
L¯
(
xk, x′k
)
=
1
2
N2
(
xk
)
gijx
′ix′j − V
(
xk
)
N2 (xk)
. (11)
If we consider a conformal transformation (not a coordinate transformation!) of the
metric g¯ij = N
2
(
xk
)
gij and a new potential function V¯
(
xk
)
=
V (xk)
N2(xk) , then, the
new Lagrangian L¯
(
xk, x′k
)
in the new coordinates τ, xk takes the following form,
L¯
(
xk, x′k
)
=
1
2
g¯ijx
′ix′j − V¯ (xk) (12)
which is of the same form as the Lagrangian L in equation (7). Lagrangians
L
(
xk, x˙k
)
and L¯
(
xk, x′k
)
will be called conformal. In this framework, the action
remains the same, i.e. it is invariant under the change of parameter and the equa-
tions of motion in the new variables (τ, xi) will be the same with the equations of
motion for the Lagrangian L in the original coordinates (t, xk) .
In [11], it was shown that the Noether symmetries of a Lagrangian of the form
(7) follow from the homothetic algebra of the metric gij . The same applies to the
Lagrangian L¯
(
xk, x′k
)
and the metric g¯ij . The conformal algebra of the metrics
gij , g¯ij are (as a set) the same but their closed subgroups of HVs and KVs are
spanned (in general) by different vector fields [15]. This observation leads us to
the conclusion, that the Noether point symmetries of the conformally related La-
grangians L
(
xk, x˙k
)
and L¯
(
xk, x′k
)
are contained in the common conformal algebra
of the metrics gij , g¯ij [16].
In the following section using the general results of [13] we study the Lie point
symmetries of Schro¨dinger and of the Klein Gordon equation in Riemannian man-
ifolds.
4. Lie symmetries of Schro¨dinger and the Klein Gordon equation
Consider the Schro¨dinger equation a (linear diffusion equation)
∆u− u,t = V
(
xi
)
u (13)
and the Klein Gordon equation
∆u = V
(
xi
)
u (14)
aWe absorb the constant ℏ and the imaginary unit i, in the variables xk, t respectively
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in a Riemannian space, where ∆ is the Laplace operator of the Riemannian space
with metric gij
(
xk
)
defined as follows
∆u =
1√
|g|
∂
∂xi
(√
|g|gij ∂
∂xj
)
u = giju,ij − Γiu,i. (15)
Γijk
(
xk
)
are the Christofell symbols of the metric gij and Γ
i = gjkΓijk. In [13] it
has been shown that the Lie point symmetries of the second order PDE
Aab (xc) u,ab − F (xc, u, u,c) = 0 (16)
are generated from the elements of the conformal algebra of the second rank ten-
sor Aab (xc). Equations (13) and (14) are special cases of (16), that is, the Lie point
symmetries of the Schro¨dinger equation and those of the Klein Gordon equation
are generated from the conformal algebra of the metric gij . Therefore by applying
the general results of [13] we have the following propositions which relate the Lie
point symmetries of equations (13) and (14) with the geometry of the underlying
Riemannian space which defines the Laplace operator.
Proposition 1 (Lie Symmetries of Schro¨dinger equation). The Lie point
symmetries of Schro¨dinger equation (13) are generated from the elements of the
homothetic algebra of the metric gij as follows.
a) Y i is a non-gradient HV/KV. The generic Lie symmetry vector is
X = (2cψt+ c1) ∂t + cY
i∂i + (a0u+ b (t, x)) ∂u (17)
with constraint equation
H (b)− bV = 0 , cLY V + 2ψcV + a0 = 0. (18)
where b
(
t, xk
)
satisfies (13).
b) Y i = H ,i is a gradient HV/KV. The generic Lie symmetry vector is
X =
(
2ψ
∫
Tdt
)
∂t + TS
,i∂i +
((
−1
2
T,tS + F (t)
)
u
)
∂u
with constraint equation
LHV + 2ψV − 1
2
c2H + d = 0 (19)
and the functions T, F satisfies the following system
T,tt = c
2T ,
1
2
T,tψ + F,t = Td. (20)
Similarly for the Klein Gordon equation (14) we have the following result
Proposition 2 (Lie symmetries of Klein Gordon equation). The Lie point
symmetries of Klein Gordon equation (14) are generated from the CKVs of the
metric gij , defining the Laplace operator, as follows
a) for n > 2, the generic Lie symmetry vector is
X = ξi
(
xk
)
∂i +
(
2− n
2
ψ
(
xk
)
u+ a0u+ b
(
xk
))
∂u (21)
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where ξi is a CKV with conformal factor ψ
(
xk
)
, b
(
xk
)
is a solution of (14) and
the following condition is satisfied
ξkV,k + 2ψV − 2− n
2
∆ψ = 0. (22)
b) for n = 2, the generic Lie symmetry vector is
X = ξi
(
xk
)
∂i +
(
a0u+ b
(
xk
))
∂u (23)
where ξi is a CKV with conformal factor ψ
(
xk
)
, b
(
xk
)
is a solution of (14) and
the following condition is satisfied
ξkV,k + 2ψV = 0. (24)
Let the potential V
(
xk
)
be
V
(
xk
)
= − n− 2
4 (n− 1)R
(
xk
)
+ V¯
(
xk
)
(25)
where R
(
xk
)
is the Ricci scalar of the metric gij . In that case, equation (14) is
called the conformal Klein Gordon equation (or Yamabe equation). The conformal
Klein Gordon equation plays a central role in the study of a conformal class of
metrics by means of the Yamabe invariant (see e.g. [17]).
Replacing V
(
xk
)
from (25) in the Lie symmetry condition (22), we have
ξkV¯,k + 2ψV¯ − n− 2
4 (n− 1)
(
ξkR,k + 2Rψ
)− 2− n
2
∆ψ = 0. (26)
Because ξi is a CKV with conformal factor ψ it follows that [22]
ξkR,k = −2ψR− 2 (n− 1)∆ψ (27)
and this implies(
2− n
2
∆ψ +
n− 2
4 (n− 1)ξ
kR,k +
n− 2
2 (n− 1)ψR
)
= 0.
Therefore for the conformal Klein Gordon equation the symmetry condition (22)
of theorem 2 takes the final form
ξkV¯,k + 2ψV¯ = 0. (28)
In the case where V
(
xk
)
= 0, the Klein Gordon equation becomes the Laplace
equation ∆u = 0 and if V
(
xk
)
= − n−24(n−1)R
(
xk
)
we have the conformal Laplace
equation
∆u+
n− 2
4 (n− 1)R
(
xk
)
u = 0. (29)
A direct result, which arises from Proposition 2 and the symmetry condition (28) for
the Yamabe equation, is that, if V n is an n (n > 2) dimensional Riemannian space,
then, if the Laplace equation in V n is invariant under a Lie group GL, then, GL is a
subgroup of G¯LC , i.e. GL ⊆ G¯LC where G¯LC is a Lie group which leaves invariant
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the conformal Laplace equation. The Lie algebras GL, G¯LC are identical if V
n does
not admit proper CKVs or if all the conformal factors of the CKVs of V n are solu-
tions of the Laplace equation. Moreover, if V n is a conformally flat spacetime then,
the conformal Laplace equation (29) admits a Lie algebra of 12 (n+ 1) (n+ 2) + 2
dimension. For instance, the Laplace equation in the three dimensional sphereb S3
admits eight Lie point symmetries [23] (the six KVs of S3 plus the trivial symme-
tries u∂u, b
(
xk
)
∂u) while, on the contrary, the conformal Laplace equation admits
twelve Lie symmetries, i.e. the conformal algebra of S3 plus the trivial symmetries.
The Lie point symmetries of Schro¨dinger equation follow from the elements of
the homothetic algebra of the metric gij , whereas the Lie point symmetries of the
Klein Gordon equation are generated by the CKVs of the metric which defines the
Laplace operator. Consequently a relation between the Noether point symmetries
of the classical Lagrangian (7) and the Lie point symmetries of equations (13) and
(14) is expected.
From the form of the symmetry vectors and the symmetry conditions for the
Schro¨dinger equation (for details see [11]) we have the following result.
Proposition 3. If a KV/HV of the metric gij produces a Lie point symmetry of
the Schro¨dinger equation (13), then generates a Noether point symmetry for the
Lagrangian (7) in the space with metric gij and potential V
(
xk
)
. The reverse is
also true.
Furthermore for the Klein Gordon equation we have the following proposition
which relates the Lie point symmetries of (14) with the Noether point symmetries
of the conformal Lagrangian.
Proposition 4. The Lie point symmetries of the Klein Gordon equation (14) for
the metric gij which defines the Laplace operator are related to the Noether point
symmetries of the classical Lagrangian (7) for the same metric and the same po-
tential as follows
a) If a KV or a HV of the metric gij generates a Lie point symmetry of the
Klein Gordon equation (14), then it also produces a Noether point symmetry for
the classical Lagrangian with gauge function a constant.
b) If a special CKV or a proper CKV of the metric gij generates a Lie point
symmetry of the Klein Gordon equation (14), then it also generates a Noether point
symmetry with gauge function a constant for the conformally related Lagrangian
provided there exists a conformal factor N
(
xk
)
such that the CKV becomes a KV
or a HV of the conformal related metric g¯ij.
bThe three dimensional sphere is a conformally flat space and it is maximally symmetric.
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5. Symmetries of the Lagrangian with non constant gauge
function and the Klein Gordon equation
In the previous considerations we have shown that the Lie point symmetries of
the Klein Gordon equation induce Noether point symmetries for the classical La-
grangian if the gauge function is a constant. In this section we investigate the case
when the induced Noether symmetry has a gauge function which is not a constant.
As we shall show, in this case the induced Noether symmetry comes from a gen-
eralized Lie symmetry of the Klein Gordon equation. In particular we study the
case where the gradient KV and the gradient HV of the kinetic metric generates
Noether point symmetries for the classical Lagrangian.
5.1. The oscillator potential
Consider the Lagrangian of a particle moving in a decomposable Riemannian space
(i.e. the space admits a gradient KV [18])
L =
1
2
(
x˙2 + hAB
(
yC
)
y˙Ay˙B
)
+ µ2x+ F
(
yC
)
(30)
For general functions hAB
(
yC
)
, F
(
yC
)
, Lagrangian (30) admits the au-
tonomous Noether symmetry ∂t and two Noether symmetries e
±µt∂x [19] which
are due to the gradient KV ∂x.. The corresponding Noether integrals are
I± = e
±µtx˙∓ µe±µtx. (31)
It is straightforward to show that the combined integral I0 = I+I− is time
independent and equals
I0 = x˙
2 − µ2x2. (32)
The Laplace Klein Gordon equation defined by the same ”kinetic” metric and
potential is
uxx + h
ABuAuB − ΓAuA − µ2x2u− F
(
yC
)
u = 0. (33)
This equation does not admit a Lie point symmetry for general hAB
(
yC
)
, F
(
yC
)
.
However it is separable with respect to x in the sense that the solution can be
written in the form u
(
x, yA
)
= w (x)S
(
yA
)
. This implies that the operator
Iˆ = DxDx − µ2x2 − I0 satisfies Iˆu = 0 which means that the Klein Gordon
equation (33) possesses a Lie Ba¨cklund symmetry [20,21] with generating vector
X¯ =
(
uxx − µ2x2
)
∂u.
Concerning the conformal Klein Gordon equation
uxx + h
ABuAuB − ΓAuA + n− 2
4 (n− 1)Ru− µ
2x2u− 2F¯ (yC)u = 0 (34)
because for a KV ξa we have LξR = 0 [22] hence R = R
(
yC
)
, equation (34) is
written in the form of the Laplace Klein Gordon equation with F
(
yC
)
= 2F¯
(
yC
)−
n−2
4(n−1)R
(
yC
)
and the previous results apply.
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5.2. The Ermakov potential
We assume now that the classical Lagrangian (7) admits as Noether symmetries
the sl (2, R) Lie algebra
{
∂t,
1
µ
e±2µt∂t ± e±2µtr∂r
}
. The Lagrangian is
L =
1
2
(
r˙2 + r2hAB
(
yC
)
y˙Ay˙B
)
+
1
2
µ2r2 − F
(
yC
)
r2
. (35)
The corresponding Noether integrals are the Hamiltonian h and
I+ =
h
µ
e2µt − e2µsrr˙ + µe2µtr2 (36)
I− =
h
µ
e−2µt + e−2µtrr˙ + µe−2µtr2. (37)
From the Noether integrals (36),(37) and the Hamiltonian h of (35) we construct
the time independent first integral Φ0 = h
2 − I+I− which is
Φ0 = r
4hDB y˙
Ay˙B + 2F
(
yC
)
. (38)
This is the well known Ermakov invariant [24,25]. An alternative way to construct
the Ermakov invariant (38) is to use dynamical Noether symmetries [26]. Indeed,
one can show that the Lagrangian (35) admits the dynamical Noether symmetry
XD = K
i
jx˙
j∂i where K
ij is a Killing tensor of the second rank given by Kij = hAB.
The Laplace Klein Gordon equation defined by the Lagrangian (35) is
urr +
1
r2
hABuAB +
n− 1
r
ur − 1
r2
ΓAuA + µ
2r2 +
2
r2
F
(
yC
)
= 0. (39)
This equation does not admit a Lie point symmetry. However it is separable in the
sense that u
(
r, yC
)
= w (r)S
(
yC
)
. Then the operator
Φˆ = hABDADB − ΓADA + 2F
(
yC
)− Φ0
satisfies the equation Φˆu = 0 which means that (39) admits the Lie Ba¨cklund
symmetry with generator X¯ =
(
Φˆu
)
∂u [20,21].
Concerning the conformal Klein Gordon equation, the Ricci scalar of the metric
(35) and the HV satisfy the condition LHR + 2R = 0 [22] that is R =
1
r2
R¯
(
yC
)
.
Then, as in the case of the gradient KV, we absorb the term R¯
(
yC
)
into the
potential and we obtain the same results with the Laplace Klein Gordon equation.
We conclude that although in the two cases considered above the Lie point
symmetries do not transfer from the classical to the ”quantum” level the generalized
symmetries do transfer.
6. Lie symmetry classification of Schro¨dinger and Klein Gordon
equations in Euclidian space
In [11,28] all two and three dimensional potentials have been determined for which
the corresponding Newtonian dynamical systems admit Lie and Noether point sym-
metries. Using these results and propositions 3,4 above we determine in this section
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all potentials for which the Schro¨dinger and Klein Gordon equation in Euclidian
2d and 3d space admit Lie point symmetries.
The Schro¨dinger equation in Euclidian space is
δijuij + V
(
xk
)
u = ut. (40)
From proposition 3, we have that the potentials for which the Schro¨dinger equation
(40) admits Lie point symmetries are the same with the ones admitted by the
classical Lagrangian. Therefore, the results of [11,28] apply directly and give all
potentials for which the Schro¨dinger equation (40) admits at least one Lie point
symmetry.
Concerning the Klein Gordon equation in flat space, that is the equation
δijuij + V
(
xk
)
u = 0 (41)
from proposition 4 we infer that equation (41) admits a Lie point symmetry due
to a HV/KV for the following potentials taken from the corresponding Tables of
[11,28].
(a) Two dimensional: Table 13 (with c = 0) and Table 14 (with c = 0) of [11].
(b) Three dimensional: Table 5, Table A1 (with p = 0) and Table A2 (with p = 0)
of [28]. In Table 1 and Table 2 we give the potentials for the 2d and the 3d case for
which the Klein Gordon equation (41) admits Lie point symmetries.
Table 1. The 2d (flat) Klein Gordon admits Lie symmetries from the homothetic group
Lie Symmetry V (x, y) Lie Symmetry V (x, y)
∂x f (y) ∂x + b∂y f (y − bx)
∂y f (x) (a+ y) ∂x + (b− x) ∂y f
(
1
2
(
x2 + y2
)
+ ay − bx)
y∂x − x∂y f (r) (x+ ay) ∂x + (y − ax) ∂y r−2 f (θ − a ln r)
x∂x + y∂y x
−2f
(
y
x
)
(a+ x) ∂x + (b + y)∂y f
(
b+x
a+x
)
(a+ x)
−2
As we have seen in section 4 the Lie point symmetries of the Klein Gordon
equation are generated from the conformal group of the space, therefore in addition
to the above we have to consider the admitted CKVs for each case.
6.1. The two dimensional case
We recall that the conformal algebra of a two dimensional space is infinite dimen-
sional [29] and in coordinates with line element ds2 = 2dwdz are given by the
vectors X = F (w) ∂w +G (w) ∂w with conformal factor ψ =
1
2 (F,w +G,z). In the
coordinates (w, z) the 2d Klein Gordon equation (41) is
uwz + V (w, z)u = 0.
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Table 2. The 3d (flat) Klein Gordon admits Lie symmetries from the homothetic group
Lie Symmetry V(x,y, z)
a∂µ + b∂ν + c∂σ f
(
xν − b
a
xµ, xσ − c
a
xµ
)
a∂µ + b∂ν + c (xν∂µ − xµ∂ν) +f
(
c
2r(µν) − bxµ + axν , xσ
)
a∂µ + b∂ν + c (xσ∂µ − xµ∂σ) +f
(
xν − 1|c| arctan
(
|c|xµ
|a+cxσ|
)
, 12r(µσ) − acxσ
)
a∂µ + b (xν∂µ − xµ∂ν)+
+ c (xσ∂µ − xµ∂σ) f
(
x2µ + x
2
ν
(
1− c2
b2
)
+
(
2a
b
+ 2c
b
xσ
)
xν , xσ − cbxν
)
so (3) linear combination F (R, b tan θ sinφ+ c cosφ− aM1)
a∂µ + bθ(νσ)∂θ(νσ) + cR∂R
1
r2
(νσ)
f
(
θ(νσ) − bc ln r(νσ), a+cxµcr(νσ)
)
(a∂µ + b∂ν + c∂σ + lR∂R)
1
(a+lxµ)
2 f
(
b+lxν
l(a+lxµ)
, c+lxσ
l(a+lxµ)
)
The Lie symmetry condition (22) becomes
(FV ),w + (GV ),z = 0 (42)
from which follows that there are infinite many potentials for which the 2d Klein
Gordon equation admits Lie point symmetries.
6.2. The three dimensional case
The 3d Euclidian space admits the three sp.CKVs
K
µ
C =
1
2
(
(xµ)2 −
(
(xσ)2 + (xν)2
))
∂i + x
µxν∂x + x
µxν∂z , µ, σ, ν = 1, 2, 3
with corresponding conformal factor ψC = x
µ.
From the symmetry condition (22) of Proposition 2 follows that a sp.CKV gen-
erates the Lie point symmetry X = KµC − 12xµu∂u for the 3d Klein Gordon (41)
only for the potential
V (x, y, z) =
1
(xσ)
2F
(
xν
xσ
,
δκλx
κxλ
xσ
)
.
One is possible to continue with the linear combinations of these symmetry
vectors and deduce all cases that the 3d Klein Gordon equation admits a Lie point
symmetry (see [11,28]).
These results hold for both the Klein Gordon and the conformal Klein Gordon
equation. In particular it can be shown that the results remain valid for the confor-
mal Klein Gordon equation provided the metric defining the conformal Laplacian
is conformally flat.
August 22, 2018 19:9 WSPC/INSTRUCTION FILE ANPALIAT
The geometric origin of Lie point symmetries of the Schro¨dinger and the Klein Gordon equations 13
7. Spherically symmetric space-time
In this section we consider the Lie point symmetries of the Klein Gordon equation
in a non-flat space and in particular in the static spherically symmetric empty
space-time, that is the exterior Schwarzschild solution, given by the metric (τ is
the radial coordinate)
ds2 = −a2 (τ) dt2 + dτ2 + b2 (τ) (dθ2 + sin2 θdφ2) . (43)
The Lagrangian of Einstein field equations for this space-time is [30,31]
L = 2ab′2 + 4ba′b′ + 2a (44)
where ”′” means derivative with respect to the radius τ . If we see the Lagrangian
(44) as a dynamical system in the space of variables {a, b}, then this system is
”autonomous” hence admits the Noether point symmetry ∂τ with corresponding
Noether integralc the ”Hamiltonian” h =constant. We compute
h = 2ab′2 + 4ba′b′ − 2a.
It is straightforward to show that h = 2
a
G11 where G
1
1 is the Einstein tensor.
Because the space is empty from Einstein’s equations follows that h = 0. Euler-
Lagrange equations are
a′′ − a
2b2
b′2 +
1
b
a′b′ +
1
2
a
b2
= 0
b′′ +
1
2b
b′2 − 1
2b
= 0.
We end up with a system of three equations whose solution will give the functions
a(τ), b(τ). However it is found that the solution of the system does not give these
functions in the well known closed form. This is due to the Lagrangian we have
considered. Indeed as we shall show below it is possible to find the solution in
closed form by considering a Lagrangian conformally related to the Lagrangian
(44). It is straightforward to show that the Lagrangian (44) admits the Noether
symmetry
X1 = 2τ∂τ +H
whereH = −2a∂a+2b∂b is a non-gradient homothetic vector of the two dimensional
kinetic metric
ds¯2 = 2adb2 + 4bdadb (45)
defined from the Lagrangian (44). Consider the Klein Gordon equation defined by
the metric (45) with potential V (a, b) = 2a, that is,
− a
4b2
uaa +
1
2b
uab − 1
4b2
ua − 2au = 0. (46)
ch is not the ”energy” because the coordinate is the radial distance not the time
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Equation (46) admits as Lie point symmetries the vectors [31]
u∂u , b (a, b)∂u
H = −2a∂a + 2b∂b , X2 = 1
ab
∂a , X3 =
a
2b
∂a − ∂b
where the vectors X2, X3 are proper CKVs of the two dimensional metric (45).
By applying the Lie invariants it is possible to find solutions of the Klein Gordon
equation (46) which are invariant with respect to one of the admitted Lie point
symmetries.
For example let us consider the Lie point symmetry Hu = H − 2cu∂u. The zero
order invariants Hu are w = ab , u = a
cΦ (w) . Replacing in (46) we find the
solution
u (a, b) = ac
[
c1I
B
c
(
2
√
2ab
)
+ c2K
B
c
(
2
√
2ab
)]
where IB,KB are the Bessel modified functions [31]. Working similarly for the Lie
point symmetry H + eX2 − cu∂u we find the solution
u (a, b) =
(
a2 − eb−1) c4 [c1I− c
2
(
2
√
2b (a2b− e)
)
+ c2K
B
c
2
(
2
√
2b (a2b− e)
)]
.
One can find more solutions using linear combinations of these Lie symmetries.
Following proposition 4 we look for a conformal metric for which one of the
CKVs X2, X3 becomes a KV and write the corresponding conformally related La-
grangian which admits this CKV as a Noether symmetry. We consider first the
vector X2 and the conformally related metric
ds2 = N2
(
4adb2 + 8bda db
)
(47)
where N (a, b) = g (b)
√
a and g (b) is an arbitrary function of its argument. It is
easy to show that the vector X2 is a KV of this metric hence a Noether symmetry
for the family of conformally related Lagrangians
L¯ = N2
[
2a
(
db
dr
)2
+ 4b
(
da
dr
)(
db
dr
)]
+
2a
N2
(48)
where we have considered the coordinate transformation dτ = dr
N2(a,b) . The Noether
function for this Noether symmetry is the ”Hamiltonian” of the Lagrangian (48).
This constant and the two Lagrange equations for the ”generalized” coordinates a, b
provide a system of differential equations which will give the functions a(τ), b(τ).
We consider g (b) = g0 =constant, that is from the family of Lagrangians (48)
we take the Lagrangian
L = g20
[
2a2
(
db
dr
)2
+ 4ab
(
da
dr
)(
db
dr
)]
+
2
g20
. (49)
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For this Lagrangian the field equations are the ”Hamiltonian” of the Lagrangian
(49)
a2
(
db
dr
)2
+ 2b2
(
da
dr
)(
db
dr
)
− V0 = 0 (50)
and the Euler Lagrange equations of (49) with respect to the variables a, b
d2a
dr2
+
1
a2
(
da
dr
)2
+
2
b
(
da
dr
)(
db
dr
)
= 0 (51)
d2b
dr2
= 0 (52)
where we have set V0 = g
−4
0 .
The solution of the system of equations (50)-(52) is
b (r) = b1r + b2 , a
2 (r) =
V0r + 2a1b1
2b1 (b1r + b2)
.
Under the linear transformation b1r = b1R − b2b1 and if we set V0 = 2 (b1)
2
, a1 =
−2m+b2, we obtain the exterior Schwarzschild solution in the standard coordinates
ds2 = −
(
1− 2m
R
)
dt2 +
(
1− 2m
R
)−1
dR2 +R2
(
dθ2 + sin2 θdφ2
)
(53)
The choice of the function g (b) is essentially a choice of the coordinate system.
Obviously the final solution must always be the exterior Schwarzschild solution.
Working similarly we find that X3 becomes a KV for the conformal metric (47) if
N3 (a, b) = f
(
a2b
)√
a, and generates a Noether point symmetry for the conformal
Lagrangian (48) (with N3 in the place of N) and from this point we continue as
above.
8. Conclusion
We have determined the Lie point symmetries of the Schro¨dinger equation and
the Klein Gordon equation in a general Riemannian space. It has been shown that
these symmetries are related with the homothetic algebra and the conformal algebra
of the metric of the space. Furthermore these symmetries have been related to
the Noether point symmetries of the classical Lagrangian for which the metric gij
is the kinematic metric. More precisely for the Schro¨dinger equation it has been
shown that if a KV/HV of the metric gij produces a Lie point symmetry for the
Schro¨dinger equation then produces a Noether point symmetry for the classical
Lagrangian in the space with metric gij and potential V (x
k). For the Klein Gordon
equation the situation is different. That is the Lie point symmetries of the Klein
Gordon are generated from the conformal algebra of the metric gij . The KVs and
the HV of this group produce a Noether symmetry of the classical Lagrangian with
a constant gauge function, however the proper CKVs produce a Noether symmetry
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of the conformal Lagrangian if there exists a conformal factor N
(
xk
)
such that the
CKV becomes a KV/HV of gij .
We have applied these general results to two cases of practical interest. The clas-
sification of all potentials in Euclidian 2d and 3d space for which the Schro¨dinger
equation and the Klein Gordon equation admit a Lie point symmetry and finally
we have considered the Lie point symmetries of the Klein Gordon equation in the
static, spherically symmetric empty spacetime. In the last case we have demon-
strated the role of the Lie symmetries and that of the conformal Lagrangians in the
determination of the closed form solution of Einstein equations.
The knowledge of Lie point symmetries of Schro¨dinger equation and the Klein
Gordon equation in a general Riemannian space makes possible the determination of
solutions of these equations which are invariant under a given Lie point symmetry. In
addition the Lie point symmetries are used in Quantum Cosmology [32,33,34,35,36]
in order to determine the form of solutions of the Wheeler–DeWitt equation in a
given Riemannian space.
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